Abstract-In this paper, a filter-based nonlinear control strategy for parallel-plate micro electrostatic actuators is designed. The proposed control technique utilizes the measurements of the micro actuator's movable plate displacement and the device internal charge. The information of the micro actuator's movable plate velocity is utilized as well in the control synthesis but since it is difficult to be measured, filtered signals are designed and utilized to facilitate the control development. A Lyapunov-based analysis is presented which proves that a desired time-varying displacement of the micro actuator's movable plate is accurately tracked. The proposed nonlinear controller is capable of controlling the movable plate beyond the pull-in boundary that is one third of the capacitive gap. Representative numerical simulations are introduced to demonstrate the performance of the proposed filter-based nonlinear control strategy in accurately tracking the deflection of the micro electrostatic movable plate within the entire capacitive gap. Finally, a comparison with a standard PID controller is also presented to demonstrate the effectiveness of the proposed control design.
INTRODUCTION
Micro electrostatic actuators (MEAs) are widely employed in Micro Electro Mechanical Systems (MEMS) applications due to simplicity of structure, ease of fabrication, and possibility of quantification of micro-scale electrostatic forces. Electrostatic actuators are used widely in MEMS such as micro-mirrors, optical gratings, variable capacitors, accelerometers, precise positioning, large vertical displacement, fatigue testing of low-stress thin films, blood vessel manipulation, and optical scanners.
The region of stable and controllable motion for MEA is limited by a bifurcation phenomenon called "snap-through" or "pull-in" and that is one third of the micro actuator capacitive gap. Pull-in can happen for voltages lower than the static pullin value, depending on the initial state variable values and external applied forces [11] . The main challenge is to extend the travel range of the parallel plate micro electrostatic actuator beyond the pull-in limit that is one third of its full capacitive gap. The region of attraction of the equilibrium point may be quite small, particularly near the bifurcation point. It is required to find a voltage control law that can be used to stabilize any equilibrium point in the gap and to provide a large region of attraction.
Seeger and Crary [14] presented a simple method to stabilize the micro actuator by adding a series capacitance. This work was extended in [12] with a switched-capacitor circuit to stabilize the device against voltage pull-in provided that the parallel parasitic capacitance is sufficiently small. Lu and Fedder [6] used a pre-filter in front of the feedback loop to shape the input command. The authors of [10] presented a solution to extend the working range of parallel-plate electrostatic actuators by employing a bumper structure in the design of two-beam to change the spring constant near the critical point of pull-in. However, It has been proven that instability is avoided by a sufficient reduction in the drive voltage to achieve full gap operation [11] and that was also verified when Bermejo and Castaner [1] studied the potential use of a photovoltaic source as direct drive of the micro electrostatic actuator. The authors of [2] and [9] demonstrated that electrostatic actuators can be driven based on pulsedcurrent drive that requires much less voltage than voltage drive. In fact, operation of electrostatically actuated MEMS with amplitudes beyond the pull-in instability limit can be achieved with appropriate selection of actuation voltages [4] .
Many control strategies have been developed to solve the pull-in instability problem of micro electrostatic actuators. Seeger and Boser [13] presented a circuit that controls the amount of charge on a parallel-plate electrostatic actuator. They showed that charge control increased the stable ranges of motion but the maximum stable deflection is limited due to parasitic capacitance and tip-in. In [7] , the authors presented a linear time-invariant voltage controller to extend the travel range. They were succeeded to extend the regions of operation up to 60% of the initial gap. Zhu et al. [18] demonstrated that traveling range of MEA can be extended to the full gap utilizing charge control and capacitive feedback. In [19, 20] , Zhu et al. presented a flatness-based controller to extend the operational range of the MEA to the full capacitive gap. They were able to reduce the air gap to one third of its current dimension using this controller, and that decreased the maximum value of driving voltage. Later on, Zhu et al. [21, 22] presented two robust control laws for a parallel-plate electrostatic microactuator in the presence of parasitics and parametric uncertainties. Their proposed controllers were based on input-to-state stabilization and robust backstepping and demonstrated satisfactory and robust performance in numerical simulation. The authors of [16] linearized the micro electrostatic actuator model at multiple operating points and then designed a robust PID control switching scheme for setpoint regulation. Li and Liu [5] proposed a novel adaptive robust tracking control scheme for uncertain electrostatic micro-actuator. The control scheme was based on dynamic surface control method and H-infinity control approach. Finally, Tee et al. [15] presented adaptive control for electrostatic microactuators with bidirectional drive. They showed that the movable electrode is capable of tracking a reference trajectory within the air gap without knowledge of the plant parameters.
In this paper, a filter-based nonlinear controller is proposed for parallel-plate micro electrostatic actuators. The measurements of displacement and internal charge of the micro actuator are employed in the control algorithm to accurately track a desired time-varying displacement of the movable plate. Filtered signals are designed and utilized to facilitate control development due to the lack of information about the movable plate's velocity while other researchers usually utilize reduced-order observer to estimate the velocity such as [8] . A Lyapunov-based stability analysis is utilized to develop the nonlinear control strategy to operate the micro actuator beyond the pull-in instability limit. Representative numerical results are presented which demonstrate the performance of the proposed control approach. This paper is organized as follows. In Section II, the micro electrostatic actuator dynamic model is presented. In Section III, the nonlinear controller is formulated and proposed. Section IV presents the filter design to facilitate the control development in the absence of movable plate's velocity measurement. In Section V, numerical simulation results are presented for the proposed controller. Concluding remarks are provided in Section VI.
II. MICRO ACTUATOR DYNAMICS
The dynamic model of the MEA can be depicted as a spring-mass-damper assembly as shown in Fig. 1 . A series resistor, r, is connected to the device to optimize the speedenergy characteristics [3] . The series resistor has an enormous effect on the total power dissipation during a switching transient. From Fig. 1 , the dynamic model of the micro actuator can be written as [8] ( )
where ( ), ( ), ( ) x t x t x t ∈ are the displacement, velocity, and To simplify the system analysis and control design, the MEA's dynamics in (1) and (2) is transformed into normalized coordinates as follows It is also required that the device charge, ( ) Q T , tracks an
From the definitions in (7) and (8), it is clear that if
as T → ∞ ; thus, meeting the control objectives in (5) and (6) . By taking the second time derivative of ( ) e T in (7), the following expression may be obtained 
where (3) was utilized.
Remark 2: The velocity of the MEA's movable plate, ( ) X T , is difficult to be measured. Hence, filtered signals are designed in Section IV to facilitate the evaluation of the velocity required in the control development.
To facilitate the control algorithm development, the term is added to and subtracted from (9) and definition in (7) is utilized. Hence, equation (9) may be rewritten as
To achieve the control objectives, the auxiliary signal, ( )
where ( ) FB u T ∈ is the feedback control signal and
Remark 3: It can be proved that the constraint FB u γ > − is satisfied for (11). In addition, ( ) T γ is bounded (see Assumption 1 and (12)).
After substituting (11) with (12) 
where (14) (16) and (17) that ( 
where (4) was utilized. Based on the subsequent stability analysis, the control voltage input ( ) V T is designed as ( ) 
Thus, the closed-error dynamics of ( ) T η becomes ( ) 
IV. FILTER DESIGN
The error signal ( ) e T , utilized in the control design in (14) and (19) , is not available due to the difficulty in obtaining the measurement of the MEA's movable plate's velocity, ( ) X T , hence; filter-based approach is adopted to facilitate the computation of the error signal ( ) e T . The following filters are designed 1 2 f f e e e e = + +
By substituting (22) into (23), the following expression can be obtained
where
It is clear from (24) that the following expression can be obtained
The expression in (25) can be rewritten as ( )
be evaluated utilizing the definition in (7) .
V. NUMERICAL SIMULATION
Numerical simulations are performed to demonstrate the effectiveness of the proposed controller introduced in (11) and (19) . The system model parameter values [3] were chosen as shown in Table I . The control gains s k , f k , and λ were tuned and selected to be 200, 200, and 50, respectively, so that the best performance was achieved. In Fig. 2 ., the response of the MEA's actual normalized displacement is introduced for a desired time-varying displacement (i.e., 0.4sin(0.1 ) 0.45
Note that the normalized frequency selected for the desired time-varying displacement is equal to 0.05Hz and this implies that the actual frequency required to be tracked by the MEA is about f ω ≅ 60kHz where ω was defined at the end of Section II. Figures 3, 4 , 5 and 6 present the normalized displacement tracking error, normalized velocity, normalized control voltage input, normalized MEA's internal charge, respectively. It was observed that the MEA was successfully tracked. pull-in value and that was needed to track the desired timevarying displacement as was showed in [12] .
To demonstrate the performance of the nonlinear controller proposed in (11) and (19) , a standard PID controller was utilized for comparison purposes. The following measures were computed to quantify the performance of each controller, 
The standard PID controller was defined as 0 ( )
where the PID controller gains were tuned and chosen to be 
